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Abstract 
An abrupt p - n junction, such as occurs at the collector junction 
of an n-p-n transistor, is considered. The ratio of n- to p-region 
conductivity is taken to be very high, so that the transition region is 
restricted almost entirely to the p-region. The electron density distri -
bution n within the transition region is investigated as a fUnction 
of the applied r everse bias V , and of the minority carrier electron 
c 
current density J which is injected into the transition region from the 
neutral p - region . It is shown that significant departures occur from the 
conventional solutions in which the presence of current is neglected. In 
particular , the electron density n 
c 
at the plane of injection and the 
transition region thickness wt' used as collector boundary conditions in 
the analysis of transistor operation, are shown to be current- dependent . 
Two cases are considered . In Case I, applicable to transistors 
with an epitaxial layer under the collector, the electron velocity is 
assumed much less than the limiting drift velocity. For low injection 
level, where the minority carrier density n is everywhere less than the 
equilibrium majority carrier density p , the transition region is p 
essentially a depletion region and the injected electrons move in an 
electric field determined uniquely by the applied voltage. It is shown 
that n ~ J and wt ~ V l/ 2• For high injection level, when n >> p , 
c c p 
the transition r egion is essentially an accumulation region, and 
conditions of ~ space-charge-limited current flow are established for which 
nc ~ J2/3 and wt ~ Vc 2/3;Jl-/3. 
In Case II, applicable to most alloy and diffused-base transistors, 
the electron velocity is assumed equal to the limiting drift velocity 
throughout the transition region. Mobile carrier depletion at low 
injection again gives way to accumulation at high injection . The 
functional relationships remain as for Case I at low injection, but 
become n ~ J , w ~ V l/ 2;~/2 at high injection . 
c t c 
Semi - quantitative and detailed quantitative treatments are developed, 
and normalized graphs of the minority carrier density as a function of 
distance within the transition region a r e given for various junction 
voltage s and injected currents . 
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p - region 
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1 . Introduction 
In the element-&ry analysis of a p- n junction, first propounded by 
Shockley(l) and since extended by many other workers, it is usual to 
assume t.llat a charge- neutral region is separated from the metallurgical 
junction by a sharply-defined transition region in which complete charge 
depletion exists . When the junction current is zero, or very small , use 
of this model permits simple solutions to be obtained for the transition 
region thickness in terms of the junction voltage, and for the mobile 
carrier distributions as functions of distance . In particular, the 
minority carrier density at the edge of the neutral region is related to 
its equilibrium value by a Boltzmann factor in the junction voltage, and 
becomes essentially zero for a reverse bias of more than a few tenths of 
a volt . 
When a reverse-biased p - n junction is employed as a collector in a 
junction transistor, it is usual to carry over the zero-current solution 
of the transition region, and to set the minority carrier density equal 
to zero at the collector edge of the base neutral region as a boundary 
value in the solution of the differential equation for minority carrier 
flow. This practice, almost universally accepted, is open to the serious 
objection that the presence of non- zero collected current would require 
infini te charge velocity if the density were zero . Since there i s a 
limiting drift velocity for mobile carriers in a solid, this condition 
clearly cannot exist . Some attention to thi s problem has been given by 
Matz ( 2) and by Kirk . ( 3) 
The purpose of this paper is to investigate the minority carrier 
density in the vicinity of a reverse-biased collector junction in the 
2 
presence of a non- zer o collected current . I n the light of the above-
mentioned objections, the density clear ly cannot be zero except at zero 
current . Two cases are consi dered . 
In Case I, it is assumed that the minority carrier velocity v 
thr oughout the collector t r ansition r egion is l ess than the limiting 
dri ft velocity vm ' so that treatment i n terms of drift and diffusion 
currents is valid . This case is applicable to transistor s in which 
there is an epitaxial layer of low conductivity in front of the collector. 
In case II, it is assumed that the minority carrier velocity v throughout 
the collector transition region is equal to the limiting drift velocity 
v • This case is applicable to most alloy and diffused-base transistors, 
m 
and is therefore the one of greatest practical int erest . In both cases, 
the minority carrier density as a function of distance through the 
transition region is studied. 
The non- zero value of the minority carrier densi ty at the edge of 
the neutral region, in the presence of current, and the current 
dependence of the transition regi on thickness, have i mplications in the 
elementary analysis of a junction transistor. Some of these effects) 
incorporated as "modi f ied collector boundary conditions," ar e studied in 
~ companion paper. (4 ) 
2 . Case I) v << v : 
m 
semi -quantitative treatment 
An isolated reverse- b iased p - n junction is considered in which 
both the junction voltage and the mi nority carrier current are t aken 
to be externally- imposed i ndependent variables . Only when the junction 
3 
is considered as part of a complete device, such as a transistor, is 
the current an implicit function of other parameters . A high ratio of 
n- top- region conductivity is assumed, and the minority current of 
inter est is electron current injected into the transition region from 
the neutral p- region. Results of the study of this structure are 
therefore applicable t o the base- collector junction of an n-p - n transistor . 
The thickness of the transition region, and the distribution of 
minority carrier density within it, as functions of the junction voltage 
and injected minority current , are the quantities of primary interest . 
I n this section a semi - quantitative treatment is presented for Case I, 
in which the minority carrier velocity within the transition region is 
everywhere less than the limiting drift vel ocity . 
The discussion is based on the model shown in Fig. l, and incorpo-
rates the following features and assumptions . A p-region of moderate, 
uniform acceptor doping density NA forms an abrupt metallurgical 
junction with ann- region of very high, uniform donor doping density ND. 
The vertical axis is linear distance increasing upwards , and the 
horizontal density scale is distorted in order to accommodate orders of 
magnitude density differences while retaining the qualitative features 
of a linear scale . A planar junction is assumed . Because of t he lar ge 
ratio Nr/NA' the transition region appears almost entirely within the 
p-region . When the junction is in thermal equilibrium (zero applied 
voltage and c~rrent), it is well established that the transition region, 
which is essentially completely depleted of mobile carriers, may be 
assume d to extend a well-defined distance wt into the p-region . With 
4 
t~is basic assurr.p~ion, it i2 easy to obtain expressions for wt and 
the electron density n, which in turn can be used ~o verify the 
assumption . As a foundation for the la~er discussion of non- equilibrium 
conditions, and to introduce the notation} these expressions will be 
derived . 
As indicated in Fig . l} the origin for distance x, potential v, 
and electric fiel d E = - dV/dx within the transition region, is taken 
at ~he edge of the neutral p - region. The thermal - equilibrium electron 
density distribution in the t ransition r egion may be obtained by setting 
the a lgebraic sum of the drift and diffusi on currents equal to zero . 
This gives 
(l) 
where the electron diffUsi on constant Dn and mobility ~n are related 
by D / ~ = kT/ e = vt . n n With the subst··.tution E = - dV/d:x., equation (l) 
may be i ntegrated dir ectly to give n as a :f\'. !et::.on of V J where 
n ( 2) 
Under then~al equilibrium conditions} n = np at x = 0 and V(wt) is 
the internal contact potential Vi . Hence from (2) } 
5 
V ln(n /n ) 
-c n p ( 3) 
The potential V may be found a s a function of x from the 
solution of Poisson's equation . The assumption of complete depletion 
i n the transition region allows the net char ge density to be taken as 
- eNA . Hence Poisson ' s equation may be written 
dE 
dx = - --
€ 
(4 ) 
It is convenient t o introduce the Debye length Ln' defined by 
A typical value at room temperature for p- type germanium of about 
2 ohm- em resistivity is -5 1n ~ 10 em . In terms of the Debye length, 
Poisson ' s equation for the transition region becomes 
l dE l 
= - ~2 (6) 
One integration of equation (6) with the boundary condition E = 0 at 
x = 0 gives 
6 
(7) 
and a second integration with the boundary condition V = 0 at x = 0 
gives 
(8) 
Under thermal equilibrium conditions, the voltage change across t he 
whole transition region is the contact potential V. , and so from (8) 
l 
A typical value corresponding to Lu = 10- 5 em is wt ~ 4 x 10- 5 em. 
Substitution of (8) and (9) into (2) gives 
n = n e 
n 
- (1- (V/Vi) JV/Vt 
= n e 
n 
- (l- (x/wt) 2]v1jvt (10) 
It is conve11t e .lt at this stage to convert the various results to 
normalized form . The normalizing par ameters are: density pp ' distance 
Lu' and voltage Vt . In or der that the familiar symbols may be r etained, 
normalized quantities will be distinguished from the originals by use of 
bold- face type, so that n == njp , 
,.... p y == V/Vt' etc . In 
7 
normalized form, equations (7) through (10) read 
E 
vt (11) --X L ~ 
D 
y 1 2 (12) - X 2~ 
~t 12v.l/2 (13) ~~ 
- [1-(y/v. ) )v . 2 
- [1- (:~f'4) )~ ~~ "'1. (14) n n e n e 
,...., 
""!). ""n 
The conclusion from (14) is that the electron density £ falls off very 
rapidly from the value n 
""!). 
with increasing distance from the me tallurgi-
cal junction, and is essentially equal to n = n exp (-V. ) 
"'1> ""!). ""'1. throughout 
most of the t ransition region . A similar argument leads to a corresponding 
result for the hole density, which falls off very rapidly from its initial 
value at the edge of the neutral p-region to the value pn throughout 
most of the transition region. The initial assumption t hat the net charge 
density in the transition region is -eNA is therefore vindicated except 
a~ the e xtreme edges. 
If an external reverse bias 
the above results remain valid if 
v 
c 
v. 
~ 
is applied across the junct ion, 
in equations (13) and (14) is 
replaced by V +V. = V ., as long as the condition of zero current may still 
c ~ c~ 
be imposed on equation (1 ) . This is not exactly correct, because even if 
no current is injected from another j unction a reverse saturation current 
8 
will flow for a finite width of neutral p-region . However, the reverse 
current will be very small compared with the drift and diffusion 
components of equation (1) . Generation and recombination within the 
transition region are neglected . Thus in the presence of an externally-
applied reverse voltage V , the transition region thickness becomes 
c 
~t = 12v .1/2 ""(! 1. (15) 
The electron density distribution is given by 
n 
..... 
(16) 
and is therefore related to the voltage through a Boltzmann factor . By 
use of equations (12) and (15), equation (16) can be expressed explicitly 
in terms of distance: 
The electron density, while still reaching n 
"".1.1 
(17) 
at the metallurgical 
junction, becomes less than n 
"'1> 
and essentially equal to 
n exp (-V .) = n exp( - V) ~ 0 thr oughout most of the transition region, 
'""'rl "'C 1. ""'.P "'C 
which itself becomes wider according to equation (15) . The model 
corrected for the presence of the external bias v 
c 
is shown in Fig. 2. 
The above conclusions constitute the conventional results for the 
9 
reverse-biased collector of an n-p - n transistor, in which the value 
n ~ 0 at x = 0 is employed as the collector boundary value for the 
,.., 
solution of the equation for minority carrier flow in the neutral 
p-region . Since in normal transistor operation a considerable current 
may be injected into the neutral p-region from the emitter junction, the 
previous assumption of negligible collector current is violate~. We 
now wish to remove this restriction from the above analysis . 
As already forecast in the Introduction, a non-zero collector 
boundary value of electron density will be required in the presence of 
injected current. It is convenient to introduce a special subscript 
c for the value of n at x = 0, so that the collector boundary value 
is n , and in normalized form is n = n jp . We consider two 
c -c c p 
conditions . First, we assume that the electron density in the transition 
region, although no longer zero, is everywhere less than the equilibrium 
majority carrier density p • This condition implies n << 1, and is p 
defined as "low- level injection." Second, we assume that the electron 
density in the transition region is everywhere greater than the equil ibrium 
majority carrier density, so that n >> 1, and this condition is defined 
-
as "high- level injection." We consider first, in a semi- quantitative 
~~nner, the condition when n << 1. 
-
2.1. Low- level injection in the transition region; ~ << 1 
The problem to be considered is defined as follows . A p - n junction 
of the type shown in Fig. 1 is subjected to a known reverse voltage bias, 
and a known current of minority carrier electrons is injected into the 
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transition region from the neutral p- region . One-dimensi onal flow is 
assumed, and generation and recombination are neglected so that the 
injected current remains constant throughout the t r ansi tion region . We 
wish to know the distribution of elect r on density n in the transition 
regio:1 , and in particular its value n 
c 
at the plane 0f current injection, 
since this is the required boundary value for use in analysis of a 
t ransistor . 
As it is to be assumed first that the electron density in the 
transition region is everywhere much less than the equilibrium majority 
carrier density, it follows that the net charge density remains 
essentially - eNA' and the electric field is ~herefore the same as in the 
absence of injected current and is given by equation (11). The transition 
region thickness is still given by equation (15), and is t herefore 
independent of the injected current. The injected electron current 
density jn remains constant throughout the transition region, and is 
the algebraic sum of drift and diffusion components: 
In normalized form, (18) becomes 
dn 
+ dx 
J 
- Jl 
(18) 
= - J ,.., (19) 
where 
eD p 
n p 
~ 
11 
(20) 
and J = - j , so that J represents conventional current density flowing 
n 
in the -x direction and is a positive quantity. The normalizing current 
density J 1 represents the diffusion current density whi ch would be 
carried by an electron density falling linearly from p p 
3 I 2 Debye length . In round numbers, J 1 ""' 2.5 x 10 amp em 
p - type germanium . 
to zero over a 
for 2 ohm-em 
Equation (19) is a differential equation for the electron density 
within the transition region, and its solution consists of the sum of a 
complementary function (CF), and a particular integral (PI) which is a 
function of the current. The CF for n is the Boltzmann factor term 
already given by equation (16), or by (17) after the square- law dependence 
of voltage upon distance is introduced. It has been seen that the 
density given by (17) is extremely small throughout most of the transition 
region, and so the PI for n in the solution of (19) will be dominant. 
The nature of the PI for £ may be determined by physical consider-
ation of what happens to the electrons as they are injected at the plane 
x = 0 . The electric field E is zero at x = 0 and increases linearly 
with x. It fnllows that all the injected current is carried by diffusion 
at x = 0, but that the drift mechanism should begin to dominate as the 
field increases with distance into the transition region. At values of x 
12 
where diffUsion is negligible, the second term in (19) may be dropped, 
and the solution for E' after substitution for E from (11), is 
J ,... 
n =-
,.... X (21) 
At values of x where drift is negligible (that is, close to x = o), 
the first term in (19) may be dropped and hence 
dn 
dx 
,... 
= - J ,... (22) 
'lbere will clearly be a certain value x = x • for which the drift and 
diffUsion components of current will be equal; this value is found by 
differentiating (21) and setting the result equal to (22). This gives 
~· = 1, or x• = Lu· We conclude that the injected electron current is 
carried entirely by diffusio~ at x = 0, approximately half by diffUsion 
and half by drift at x•, and primarily by drift thereafter, until the 
CF for n in the solution of (19) becomes dominant. A sketch of the 
,.., 
complete electron distribution in the transition region may therefore 
be constructed as in Fig. 3. The cross-over point between diffUsion and 
drift at x• = 1u is obtained by plotting equations (21) and (22) for 
a current ~2, since approximately half the total injected current is 
carried by each mechanism at x•. 
The value of n at x = 0 , which is the required boundary value 
,..... 
£c' is found semi-graphically frCX'll Fig. 3, and equations (21) and (22) 
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modified for a current ~2, to be 
~2 
n = -, + (J12)x' = J 
""'C X ~ ,., ,., (23) 
si nce x' = 1, and hence increases l inearly with injected current . This 
result is only approximate because the actual density gradient at x = x' 
is less than that calculated from t he drift component for ~2 . The 
more rigor ous solution of equation (19) given in section 3 leads to 
~ = 1.25~ (24) 
and so the above semi - quantitative argument gives a result correct within 
a factor of 1 . 25 . 
It is interesting to note the qualitative dependence of the 
transition region thickness, and of the electron density distribution 
within the transition region, upon the externally- i mpose d parameters v 
c 
and J . Since the injected electron density has been everywhere neglected 
compared to the acceptor i on density, the transition region is a depletion 
region, a s in the conventional theory, and its thickness is a function 
only of the total voltage and is independent of the injected current . 
The electron density consists of the sum of a complementary function, 
which is the conventional result in the Boltzmann factor, and a par ticular 
int egral, which contains drift and diffusion components dependent upon 
the injected current. I f the reverse-bias voltage is increased, the CF 
14 
for continues to fall off very rapidly from n 
-n 
very close to the 
metallurgical junction, but the two PI components of n 
~ 
are independent 
of V and remain fixed relative to the lower transition region boundary 
~ 
in Fig . 3; however, this boundary moves further downward as the t r ansition 
region thickness increases with v . 
c 
If the injected current increases, 
the transition- region thickness remains the same, and the PI components 
are scaled to the right in Fig. 3. Contrary to the conventional theory, 
therefore, in which the PI components are neglected, the actual electron 
density is controlled solely by the injected current throughout almost 
the entire transi tion region . 
2.2 . High- level injection in the transition region; £ >> 1 
The above solution for the electron density in the transition region 
indicates that the boundary value n 
~ 
increases proportionately with 
the injected current . For large injected currents, therefore, the 
value of n within the transi~ion region could exceed unity, that is, 
~ 
the injected electron density becomes greater than the equilibrium 
majority carr ier density. Consequently the net charge density in the 
transi t ion region is no longer equal to the acceptor ion density, and 
the electric field and potential distributions will change . We now 
consider the modifications in the electron density distribution 
necessitated by this condition . 
If it is assumed that the injected current is so high that £ >~ 1 
everywhere in the transition region , the net charge density is dominated 
15 
by the electron charge, and the acceptor ion charge density i s negligible . 
conditions for space- charge-limi~ed flow of electrons are therefore 
established, in which the t~ickness of the transition region adjusts 
itself to satisfy simultaneously the externally- imposed boundar y values 
of r everse-bias voltage and injected current . 
The electron density is still given by the solution of equation (19), 
which again consists of the sum of a complementary function and a 
parti cul a r i ntegral , but the electric field now becomes current- dependent . 
The modified Poisson equation is 
dE e 
= - - (N + n) E A 
or in normal ized f orm: 
- (1 + E) 
( 25) 
(26) 
It may be seen qualitatively that the electric field will be hi gher 
than in the l ow- injection case, since the net char ge density is 
increased by the injected electrons ; hence it may be assumed that the 
injected cur rent is carr ied primarily by drift throughout most of the 
t ransition region, so that for the purpose of calculating E we may 
write 
( 27) 
l6 
or in normalized form: 
(28) 
Elimination of £ from (26) and (28) , with use of the condition £ >> l 
for high-level injection, gives 
(29) 
Integration, with E = 0 when x = o, leads to 
E (~) 
A second integration, with V = 0 at x = 0 , gives 
~ince V = Vc+Vi = Vci when x = wt' the transition region thickness 
is given by 
( 32) 
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The transition region thickness therefore increases more rapidly with 
reverse bias voltage tha~ in the low injection case, but decreases with 
increasing injected current . 
A semi - quantitative argument analogous to that for the low injection 
case may no\v be followed . The graphical constructions are shown in 
Fig . 4. The Boltzmann factor contribution to the electron density, the 
CF for £ 1 is still given by equation (16), but because of the three- halves 
power law dependence of the voltage upon distance given by equation (31), 
the distance dependence of the density becomes 
( 33) 
where is given by equation (32) . The PI for £1 where this is 
determined only by drift current, is given by (28) with E eliminated 
by ( J.J) : 
1 J-/2 
..... 
n = r; :rf2 
T~ X 
Wnere the PI is determined only by diffusion current, near 
dn 
dx = - J ,...., 
(34) 
X = 0 , 
(35) 
as before . The contributions of drift and diffusion are equal at a 
value of x = x ' such that d.£/~ from (34) for ;y2 is equal to that 
given by (35) for ~2, whence 
l l 
xr = 2273 ;ji/3 = 
~ 
l 
0 .63 ;£-13 
The boundary value is then given by 
3 J2/3 
= -:;5!3 "' 
2 
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(36) 
( 37) 
and hence increases less than proportionately with injected current. 
The more rigorous solution given in section 3 leads to 
n = 0 . 94 J.2/ 3 
""C ·-
(38) 
and so the above semi- quantitative argument gives a very accurate result. 
It may be obje~ted that there is a circularity of argument in the 
high- level injection case, in that the electric field distribution is 
calculated on the assumption that all the current flow is by drift and 
yet a diffUsion component is subsequently accounted for in determining 
the boundary value of the density. This procedure may be defended on the 
grounds that the diffusion component is only important where the field 
is very small, hence little error is incurred in calculating the electric 
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field distribution with neglect of the diffusion component . This 
procedure is, i n fact, commonly employed in the sol ution of the dielectric 
diode, (5) in which conditions accompanying space- char ge-limited current 
flow are identical in pr inciple with those discussed here. The final 
step of the procedure, calculation of the diffus i on component near 
x = 0 , could likewise be used to estimate the carrier density at the 
cathode of a dielectric diode . 
The qualitati ve dependence of the t ransit ion region thickness and 
the electron density dist ribution upon the externally- imposed conditions 
V and J are different from the low injection level case . Since the 
c 
injected electron density has been assumed everywhere large compared to 
the acceptor ion density, the t r ansition region is an accumulation region, 
and the electric field in which the injected electrons move is modi f ied 
by the presence of electron space char ge. The transition region thickness 
therefore is a function both of the total voltage and of the injected 
current . The electron density agai n consists of the sum of a complementar y 
function which is the conventional Boltzmann factor term, and a particular 
integral which is current dependent . The nature of the electron densi ty 
distribution is simil ar to that for low- level i njecti on, but the functional 
dependences on v 
c 
and J are slightly different . 
The salient features of the transition regi on p roperties, from an 
external point of view, may be summarized as follows . For small i njected 
currents the boundar y value of the injected electron density increases 
linearly with current at small injected currents, then increases more 
slowly, as the two- t hirds power of the current , when the injected densi ty 
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exceeds the equilibrium majority carrier densi~y . The transition region 
thicr~ess is independent of current ~or low injection, and becomes 
narrower as the one- third power of the current at high i njecti on . The 
thickness increases as the one- half power of the reverse bias vol tage 
at low injection , rising to the two- thirds power at high injection . 
3· Case I, v << v : detailed quantitative treatment m 
In the preceding section the electron density distributi on in the 
t ransition region, in the presence of injected current, was established 
by a semi-quantitative superposition of separ ate asymptotic solutions 
to the differential equation (19) . A more detailed anal ytic treatment 
will be pursued in this section . 
Since the electric fie l d E is a functi on of x, equation (19) i s 
cf a standard form and may be integrated by use of the integrating factor 
ne ~ = - ~ e ~d~ + C -v J?:S -v ( 39) 
.~~ere t he i ntegration constant C may be determined from the boundary 
condition n = ~' v ,... v . ""Cl. when x = w , to give ,... Nt 
'"""'C1 ~ "' ,..., ,..., ( -(v . -v) vfj~ -v J?:S -v J
n 2ne + ~e e d?:S - e d?:S 4o) 
L 
2l 
The remaining integrations can be performed, and n found as a fUnction 
..... 
of ~' if the potential ~ as a function of x is known • 
..... 
The pr evious 
discussion has shown that two limiting cases may be considered : first, 
for low-level injection, ~ << 1, the potential throughout the transition 
region is deten,~ned solely by tne total applied voltage, and is given 
by equation (12) ; second, for high- level injection, n >> 1, space- charge-
limited current flow occurs and the potential is determined by both the 
total a}-~rlied voltage and the injected current, and is given by equation 
(31) . The expressions for the potential in both cases may be combined 
into a single function of the form 
m 
X (41) 
wher e t he exponents take a differ ent set of numerical val ues for each 
case : 
a b m 
n << 1 - 1 0 2 
..... 
n >> 1 
..... 
0 1/2 3/2 
~-e ~dvantage of intr oducing the general form (41) is that a single 
derivation, following the substitution of (41) i nto (4o), contains 
bot h the low-and hi gh injecti on results as speci al cases . 
A more elegant display is achieved i f the solution of equation 
(4o) is performed in terms of V rather than of 
..... 
x • The result is 
where 
- (v .-v) 
""C1~ 
n e 
"'rl 
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(42) 
is a tabulated integral . (6) Equation (42), together with (41), defines 
the electron density distribution as a function of distance through the 
transition region . Tne boundary value £c at ~ = 0 is found by 
putting y = 0 in (42): 
n 
~c 
-v . 
""'Cl + (9/8) b/m (.!.1) ;--b/m E (v .1/m) 
a/m ~ m ~c1 2 . m · 
(43) 
Since V. = V +V. and n exp(-V.) = n, and since the function E (v .l/m) 
""'Cl ""'C ~1 ~ ,....l "1> m --c 1 
is very close to unity even for 
equation (43) may be rewritten 
-v 
""'C 
n = n e 
,....c ' "'1l 
v = 0 
c 
(because v. = v.;vt >> 1), 
~l l 
(44) 
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ThiS result verifies the presence of a current- dependent term in addition 
to the faniliar Boltzrr.ann f::~ctor term . For r ever se bi ases and non- zero 
injected currents of p ractical interest, the Boltzmann factor term is 
entirely neglieible . 
For completeness , the t.wo special cases of equation (44) may be 
obtained by substitution of the appr opriate values of the exponents a , 
b, and m. For low- level injection, £ << 1, 
n 
"'C ../! J = 1 . 25 J 2 ,_ ,...; 
and for hibh- level injecti on, ~ >> 1, 
where the Bolt.zmann factor term is neglected in both cases . 
(45) 
(46) 
Equations (45) and (46) are the results of greatest interest from 
the point of view of over all t r ansistor performance . However, "the 
nature of the electron density distribution in the transition region 
ls of interest in its own right . Equation (42) may be rearranged to 
elirr.inate J in favor of £c' "' by equation (43), to give 
I 
E (,)-/m) J - (v . - v) + ~- E (~/m) -1 v m - "'C1- m - (47) n I E (v .1/m) n e E (v .1/m~ n e ,... ""'l "'C I_ m "'C1 m - c1 
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Interpretation of the form (47) shows that £ is dominated by the term 
in n 
""C 
f r om y = 0 (the edge of the neutral p - region) until V becomes ,..., 
very nearly equal to v. 
~cl. 
(just befor e the metallurgical junction) . 
Throughout most of the transition region, where n is dominated by the 
term in £c' two asymptotic forms of (47) may be obtained , depending 
upon whether ~/m 
,..., 
is much less than or much greater than unity . For 
both l ow and hi gh injection condi tions , ~/m << 1 
,..., 
corresponds to 
x << x', as may be seen by substituting the appropriate expression for 
,..., ~ 
x ' and the values of the exponents i n equation (41) . Thus ~/m << 1 
,..., 
corresponds to the region close to the injectio~l plane where diffusion 
is domi nant , and series expansion of (47) for this condition gives 
n :::~::: 
{_ ~/m ) 
£c \1- (~/m)! (1 + y) (48) 
Differentiati on of (48) with respect to x and substitution for n 
""C 
and V verifies that 
,..., cl;y' ~ = -:I; at for either low or high 
injection level, thus at injection all the current is carried by 
diffusion . The condition ~/m >> 1 corresponds to x >> x ' ,..., ,..., where 
drift is dominant, and appropriate expansion of equation (47) leads to 
1 - (1-l/m) v ,..., 
(1/m) ! mE (v .1/m) 
m ""Cl. ~ ( Y ll-1/m y-Yci l 1 --- e J v . ""C 1. I (49) 
Substitution for £c and y gives the dis·~ribution explicitly a s a 
function of distance with the injected current as parameter : 
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(50) 
The t erm i n the square b rnckets in e quations (49) and (50) is essentially 
equal to unity until v is very aec.trly equal to V . , or 
""Cl. 
X 
""' 
is very 
close to ~· Usually the Boltzmann factor term in (47) will dominate 
before this condition ic reachea . Throughout most of the transition 
region, then, for >> 1, equation (50) reduces to n ~ J/x for low 
""' ""'""' 
injection level, and to £ ~ (1//2) ~/2;~1/ 2 for high injection level, 
in accordance with the previous semi - quantitative discussion . 
Figures 5 through 7 show the injected electron density as a fUnction 
of distance through the transition region under three conditions, plotted 
from equation (47) with use of (41). The external collector voltage 
is set at 1 v throughout, and the internal contact potential Vi is 
taken to be 0 . 3 v, so that V . = 52 for 
""Cl. Vt = 25 mv. The lov1 value 
of external collector voltage is chosen so that the Boltzmann factor 
term is visible on the same distance scale that is appropriate for the 
second term in (47) . The equilibrium majority carrier density in the 
v 
c 
collector n-region is taken to be 100 times that in the p - region, so that 
n = 100 . Figure 5 shows the electron distribution for the low injection 
""fi 
level condition J = 10 - 2, when the normalized transition region thickness 
""' 
is given by equation (15) as ~ = 10 . 2. Figure 6 is for the high 
injection condition 2 ~ = 10 , when the normalized transition region 
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thickness is given by equation (32) as ~ = 3.2. In both Figs . 5 and 
6, the asymptotes and approximate boundary value n 
""(! 
as described in 
the semi- quantitative treatment are given for comparison. Results 
illustrating the decrease in density, before the final increase due to 
the ~oltzmann factor term, have been obtained independently by Sparkes, (7) 
who used a numerical integration method . Figure 7 is for the even higher 
injection condition ~ = 105, chosen to illustrate a rapid fall rather 
than a rapid rise in density just in front of the metallurgical junction . 
This occurs because the term in the square brackets in equation (50) 
dr ops significantl y below unity before the Boltzmann factor contribution 
to the density begins to dominate . The normalized transition region 
thi ckness for ~ = 105, again given by equation (32) , is ~ = 0. 32. 
Only the part of the transition region close to the metallurgical 
junction is shown in Fig . 7, since the remaining part is the same as in 
Fig . 6 with the density scale mul tiplied by 10002/3 = 100, and the 
distance scale divided by looo1/ 3 = 10 . 
A composite picture of the electron distribution for the three 
injection currents - 2 2 5 ~ = 10 , 10 , and 10 , is shown in Fig. 8 for 
the three external collector voltages V = l v, 10 v, and 2) v . 
c 
The 
dependence of the boundary value n 
""'C 
upon the injected current is 
al so shown . Equation (15) or (32), as appropriate, is used to determine 
the transition region thickness . A logarithmic density scale is used 
to accommodate the range of injection levels . For ~ = 105, the distri -
bution only for v = 20 v 
c 
is shown to prevent crowding of the picture . 
This figure illustrates the joint dependence of the transition region 
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thickness upon both the applied voltage and the injected current. 
4. Case II, v v 
m 
The discussion of the preceding sections has been based on the 
assumption that the injected electron velocity in the transition region 
is everywhere less than the limiting value v , so that the usual 
m 
equations of drift and diffusion flow could be employed . We may examine 
the validity of this assumption by calculating the electron velocity 
required by the solutions obtained . 
For low- level injection, the electric field in the transition 
region is linear in distance and is given by equation (7) . The electron 
velocity is v = - ~ E when most of the current is carried by drift, as 
n 
occurs thr oughout most of the transition region approximately between 
x = Lu and x = wt . For a 1- v external reverse bias, wt ~ lOLD' hence 
v(LD) = - ~nE(~) = ~nVt/Lu = Dn/LD' and v(wt) = lODn/LD. In round 
numbers , Dn = 93 cm2/v- sec and LD = lo- 5 em for 2 ohm- em p - type 
7 8 germanium, hence v(Lu) ~ 10 em/sec and v(wt) ~ 10 em/sec . The 
limit ing electron dr ift velocity is not far below this order of magnitude 
range, (8) and so it may be concluded that the basic assumption is not 
valid for the conducti vity chosen . If the p - region conductivity 
approaches the intrinsic value, the Debye length increases by about an 
order of magnitude, and so the required electron velocity decreases by 
the same factor . Thus for low conductivity material, such as would 
occur in an epitaxial l ayer under the collector r egion, it may be reason-
able to assume that the usual equations of drift and diffUsion current 
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apply and the analysis of the preceding sections is applicable . The 
accuracy of this assumption is, however, only marginal, and collector 
reverse biases higher than a volt will increase the required electron 
velocity even closer to the limiting value . 
For alloy transistors , in which the base resistivity is in the 
order of 2 ohm- em, and for diffused-base transistors, in which the 
built- in field causes the carrier drift velocity to approach its limiting 
value, the basic assumption of the preceding sections is untenable . It 
is therefore reasonable to make the opposite assumption, namely that the 
injected electrons travel with an essentially constant velocity equal 
to the maximum drift velocity v 
m 
throughout most of the transition 
region . In this case the injected current density may be written 
J env 
m 
(51) 
and the normalized electron density n is ther efore given by n J/J2, 
where 
ep v pm (52) 
is the current density which would be carried by an electron density 
equal to the -equilibrium major ity car rier density moving with the limiting 
drift velocity . In round numbers, 3 2 J 2 ~ 1.8 X 10 amp/em for 1 ohm- em 
p - type germanium if v 
m 
is taken as 
6 6 x 10 emf sec . Finally, we may 
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write 
(53) 
where now the bold-~ace ~ indicates normalization with respect to 
J 2 instead o~ J 1 • 
In Case II, equation (53) replaces the asymptotic dri~t current 
~orm o~ equa~ion (21) ~or Case I, and is applicable throughout most o~ 
the transition region . Very close to the metallurgical junction, 
nevertheless, the electron density must again undergo a r apid change 
to meet the boundary value n , and very close to the neutral p- region 
"''l 
di~~sion must again become dominant since the field goes to zero . 
However, we have seen in the previous discussion, and ~rom Figs. 3 and 
4, that the di~~sion component near x = 0 gives rise to only a 
small change in the boundar y value ~ro~ the value o~ n which 
exists when the dri~t component takes over; there is there~ore little 
error incurred in applying equation (53) at x = 0, so that the boundary 
value of the injected electron density is obtained directly as 
n = J 
""'C "' 
(54) 
The resUlt n = J is applicable to both low and high injection 
""'C ,.., 
levels, thus the increase i n the boundary value is linear with injected 
current under all conditions , and does not give way to a two- thirds 
'5J 
power law at high injection . It is shown in the companion paper (4) that 
the modified collector boundary value introduces little depar ture of 
the overall transistor performance parameters from the results obtained 
with the conventional zero boundary value} hence some inaccuracy in the 
numerical factor in equation (54) is of little ultimate significance . 
In Case IIJ the transition region is again a depletion region at 
l ow- level injection} and so its thickness and voltage- dependence are 
the same as in Case IJ given by equation (15) . At high- level injection} 
the transition region becomes an accumulation region but the constant 
electron density distribution with distance in Case IIJ given by 
equation (53)} leads to voltage and current dependences of the transition 
region thickness which are different from those in Case I . An expression 
for wt may be obtained by substituting equation (53) directly into 
Poisson's equation (25): 
- (l + J) ,.., (55) 
Since ~ is independent of ~J E is linear in ~J as at low injection 
levelJ and the result for ~ is 
l/2 
Y.ci ~ = -12 -( 1- +- J -::) l...,/r-::2 
,.., 
(56) 
The transition region therefore again decreases with increasing current 
at high injection levels} and at a faste r rate than in Case I . The 
voltage dependence, however, remains the same as at low-level injection, 
and does not give way to a two- thirds power law as occurs in Case I. 
A composite picture of the injected electron distribution for Case 
II is shown in Fig. 9, for the same three currents and voltages employed 
in Fig. 8 for Case I . The departure from equation (53) near x = 0 is 
neglected, and the rapid change near x = ~ is not calculated exactly 
since the change occurs over such a small distance . For the purpose 
of transistor analysis, the boundary value n 
-c 
given by (54) and the 
transition region thickness ~ given by ( 56) are the most important 
results . 
5· Conclusions 
It has been shown that the presence of minority carrier electron 
current, injected into the transition region of a reverse-biased p - n 
junction from the neutral p- region, has a significant effect upon the 
electron density distri bution and the transition region thickness . 
Contrary to the result of the conventional solution, in which the 
presence of current is neglected, the electron density is determined 
essentially entirely by the injected current throughout most of the 
transition region. 
In Case I, where the electron velocity is less than the limiting 
velocity, and description in terms of drift and diffusion currents is 
applicable, the electron density decreases markedly with distance from 
its value at injection, until the conventional Boltzmann factor contri-
bution dominates just in front of the metallurgical junction. For 
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low- level injection, the transition region is essentially completely 
depleted of mobile carriers and the injected electrons move in an 
electric field which is determined uniquely by the applied voltage. The 
electron density at i njection, the boundary value n , increases 
c 
proportionately with the injected current, and the transition region 
thickness wt increases as the square r oot of the total junction 
voltage but is independent of the current . For high- level injection, 
electron accumulation occur s in the transition region, and conditions 
of space- charge- limited flow are established in which the injected 
electrons move in a field which is a function both of the applied voltage 
and of the current . The boundary value of the electron density then 
increases as the two- thirds power of the injected current, more slowly 
than at low injection level . The transition region thickness increases 
as the two- thirds power of the total voltage, faster than at l ow- level 
injection, but decreases as the one- third power of the injected current . 
The results of Case I are applicable to junctions in which the 
conductivity of the p - region is low, as would occur in an epitaxial layer 
under the collector of an n-p -n transistor. 
In Case II, where the electron velocity is equal to the limiting 
velocity, the electron density remains essentially constant with distance 
at its injection value n , until the conventional Boltzmann factor 
c 
dominates . The boundary value n is directly proportional to the 
c 
current regardless of injection level, and therefore increases more 
rapidly at high-level injection than in Case I. At low-level injection, 
the transition region thickness is again independent of current and 
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increases as the square root of the total voltage, but at high-level 
injection carrier accumulation occurs and current dependence appears. 
Since the electron distribution remains uniform at high-level injection, 
the transition region thickness continues tc increase as the square 
root of the total voltage, but decreases as the square root of the 
current when the electron space charge dominates over the fixed acceptor 
ion charge . The results of Case II are applicable to junctions in which 
the conductivity of the p - region is fairly high, as in alloy transistors, 
or in which a built- in field accelerates the mobile carriers to limiting 
velocity even at low currents, as in diffUsed-base transistors . 
When a reverse-biased p- n junction is used as the collector junction 
of an n- p -n transistor, the quantities of primary interest, from the 
point of view of the overall transistor performance, are the thickness 
of the transition region and the boundary value of the minority carrier 
density at the edge of the transition region . Conventional p-n junction 
theory states that, under conditions of reverse bias, the transition 
region thickness is a fUnction only of the voltage, and the boundary 
value of the density is essentially zero. It has been shown, however, 
that in the presence of minority carrier current injected from the 
er.1itter , the boundary value of the density increases with the current 
and the transition region thickness becomes smaller at high currents . 
These modified boundary conditions should therefore be taken into account 
in the basic analysis of transistor operation. 
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EFFECTS OF MODIFIED COLLECTOR 
BOUNDARY CONDITIONS ON THE 
BASIC PROPERTIES OF A TRANSISTOR 
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Abstract 
Effects due t o modified collector boundary conditions in an n-p - n 
alloy-junction transistor are investigated. The modified boundary 
conditions differ from those conventionally employed in that the 
minority carrier density n at the base side of the collector tran-
c 
sition region increases with collector current J, and the transition 
region thickness wt decreases with increasing collector current when 
high- level injection into the collector transition region occurs . One 
of the two major objections to the conventional assumptions, namely 
that zero carrier density at the collector junction would require 
infinite carrier velocity, is thereby removed . 
The particular performance properties examined are the collector 
current J versus base-emitter voltage V transfer characteristic, 
and the d- e current gain ~ versus collector current J characteristic. 
Derivation of these two characteristics is first reviewed for the 
conventional collector boundary conditions, partly as a tutorial 
exposition of the charge- control method of anal ysis, and partly as a 
foundation for the following derivations with the modified collector 
boundary conditions. It is shown that the second major objection to the 
~onventional assumptions, namely that charge neutrality would not be 
maintained in the "neutral" base region at high-level injection, is 
eliminated in the modified solution . 
The modified solution predicts that the J versus V and the 
~ versus J characteristics differ from the conventional results by 
only small degrees which, in a practical transistor, will certainly be 
masked by many effects not represented in the simple model considered . 
It is concluded, therefore, that the conventional analysis and results 
do in fact predict with good accuracy the performance of a transistor, 
within the limitations of the model, and that the major benefit of the 
modified collector boundary conditions is to remove two untenable 
assun~tions and res~ore confidence in the conventional analysis . 
Contents 
Notatio:-1 
1 . Introduction 
2. Basic solution with conventional collect~r boundar y conditions 
2.1 . The conventional J versus V transfer characteristic 
2. 2. T..1c ~o!1ventional 13 versus J char acteristic 
2. 3. Typical numerical values 
3. The modified collector boundary conditions 
4. Solution wit~ modified collector boundary conditions 
4 .1 . Tne modified J versus V char acteristic 
4 . 2. The modified 13 versus J characteristic 
5. Validity of the charge neutrality assumption 
6. Conclusions 
References 
Figures 
e 
k 
T 
€ 
n ,n 
n p 
D ,D 
n p 
Notation 
(Syr-.bols not explicitly defined in the text) 
!nagni tude of the electronic charge 
Bol~zmann ' s constant 
absolute temper ature 
permitti vity 
thermal- equilibrium electron densi ty in the neutral n- region, 
p- region 
thermal- equ ilibrium hol e density in the neutral n - region, 
p - regi on 
electr on, hole diffUs ion constant 
elec~ron, hole mobility 
1. Introduction 
In the elementary analytical treatment of a junction transistor, 
the basic device properties are determined from the solution of a 
differential equation which describes the flow of injected minority 
carriers in the base region. (l) Numerous approximations are usually 
employed, of which one of the most important is that the physical base 
region is assumed to consist of a charge-neutral region separated from 
the metallurgical emitter and collector junctions by sharply- defined 
transition regions in which complete char ge depletion exists. The 
differential equation for injected minority carrier flow is solved for 
the neutral base region, for a given geometry, and subject to certain 
boundary conditions at the edges of the neutral region . 
According to conventional analysis, the required boundary values 
at the transition-region edges of the neutral base region are related 
to the emitter and collector applied voltages by simple Boltzmann 
factors . For an n - p - n transistor biased in the normal active operating 
region, the boundary value of the minority carrier electron density at 
the emitter edge of the neutral base region is greater than the thermal 
equilibrium value, but the boundary value at the collector edge is very 
:nuch less than the thermal equilibrium value, and is essentially zero 
for collector reverse biases of more than a few tenths of a volt. 
The use of a zero boundary value for the minority carrier density 
at the collector junction of a normally-biased transistor, almost 
universally accepted, is open to serious objection on two counts . ( 2) 
First, the presence of non-zero collected current would require infinite 
charge velocity if the density were zero, but since there is a limiting 
2 
drift velocity for mobile carriers in a solid this condition clearly 
cannot exist . Second, the initial assumption of charge-neutrality in 
the "neutral" base region is violated at high- level injection . 
It is shown in a companion paper(3) that reconsideration of the 
collector transition region leads to modified collector boundary 
connitions in the presence of injected minority carrier current . The 
minority carrier density at the edge of the base neutral region increases 
with current, thus eliminating the r equirement for infinite carrier 
velocity, and the transition region thickness, though constant for low 
currents, decr eases at high currents . 
The purpose of this paper is to investigate the effects of these 
modified collector boundary conditions on same of the basic terminal 
char acteristics of a transistor . Two sets are considered : first, the 
collector current as a function of base- emitter voltage (common- emitter 
d- e t r ansfer char acteristic); second, the d- e current-gain as a function 
of collector current (crnmnon-emitter d-e ~ versus operating current) . 
~1e effects of modified collector boundary conditions upon the high-
frequency cutoff are not considered here, since they have been investi-
gated by Kirk . (4) 
A summary of the conventional first- order theory of a transistor is 
given in section 2, and provides at once a concise review of the charge-
contr ol approach to analysis and a foundation upon which to build the 
effects due to the modified collector boundary conditions introduced in 
section 3. In section 4 a detai led t r eatment is given of the corrections 
required in the basic analysis when the modified collector boundary 
conditions are recognized . In section 5 it is shown that when the 
3 
modified collector boundary conditions are taken into account, the 
initial assumption of charge neutrality is not significantly violated, 
and a satisfactory disposition of both the major objections to the 
conventional theory is thus achieved . 
2. Basic solution with conventional collector boundary conditions 
In this section a summary is presented of the basic solution of a 
junction transistor when the conventional collector boundary conditions 
are employed . The charge control approach(5),(6) is used, in which 
the first- order relationships are derived with neglect of recombination, 
and the second- order relationships are derived by considering the 
perturbation due to the finite lifetime of injected carriers. 
The discussion is based on the model of an n- p - n alloy junction 
transistor shown in Fig . 1, and incorporates the following features 
and assumptions . A base p - region of moderate, uniform acceptor doping 
density NA forms abrupt metallurgical junctions with er~tter and 
collector n- regions of very high, uniform donor doping density ND. 
Plane, parallel junctions are assumed and only one- dimensional current 
flow is considered. Because of the large ratio Nn/NA' the transition 
regions appear almost entirely within the p-region. The transition 
region thicknesses are functions of the corresponding junction voltages. 
Since normal bias alone is to be considered (forward-biased emitter, 
reverse-biased collector), the emitter transition region is very thin 
and will be taken to be of constant width. In Fig . 1, the vertical 
axis is linear distance increasing upwards . The origin for distance. x, 
4 
potential V, and electric field E is taken at the upper edge of the 
emitter transition region. The charge-neutral p-region is defined by 
0 < x < wno' and the collector transition region is defined by W <X< W. 
no 
The distance w = (w +Wt ) is essentially equal to the metallur gical 
no o 
base width, since the emitter transition region thickness is neglected, 
and is therefore a constant parameter of the device . Figure l also 
shows the qualitative di stributions of carrier densities for normal bias , 
in which the conventional assumption is made that the electron density 
at each edge of the neutral p-region is related to the corresponding 
junction voltage by a Boltzmann factor. The horizontal density scale 
is distorted in order to accommodate orders of magnitude density 
differences while retaining the similar distribution shapes of the 
electron and hole densities n and p required by the neutrality con-
dition. 
The transfer characteristic, collector current J as a function of 
base- emitter voltage V, is a first- order property of the device and 
will be derived by neglecting recombination. A non-linear first- or der 
differential equation, which has a simple analytic solution, is 
established for the minority carrier density in the neutral base region. 
Insertion of the boundary conditions in terms of the base- emitter voltage 
gives a complete solution for the injected minority carrier density 
distribution, and also the required transfer characteristic. The common-
emitter d-e current gain ~ is a second-order parameter, since it is 
directly related to recombination of injected carriers. The base current 
as a function of the collector current, and hence the current gain, is 
found by dividing the total injected minority carrier charge in the 
base by the effective lifetime . The above approach, based on that of 
Webster(7) and extended by Middlebrook(B) and others, (9),(lO) derives 
5 
the transistor characteristics di rectly in the common- emitter configu-
ration and avoids the undesirable and unrealistic method of first 
deriving the common-base characteristics . 
2.1. The conventional J versus V transfer characteristic 
The basic equations for solution of the minority carrier density 
n in the neutral base region 
-e~ ~- eD dp pdx pd.x 
O< x<w 
no 
0 
p -n= p - n ~ p p p p 
are 
(1) 
(2) 
( 3) 
in which equation (1) expresses the electron current density jn as 
the sum of drift and dif11lsion components, the hole current density jp 
in equatio~ (2) is zero because of neglect of recombination and the 
assumption of very high emitter and collector conductivities, and 
equation (3) describes the charge neutrality condition. The emitter and 
collector boundary values n 
e 
and n 
c 
of the electron density are 
given, conventionally, by Boltzmann factors : 
n 
e 
n 
c 
= n e p 
-v jv 
=ne c t::::::O 
p 
(4) 
(5) 
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where is the collector reverse-bias voltage, and v. 
J 
is the forward-bias voltage across the emitter-base transition region . 
The total (external) base- emitter voltage exceeds Vj by an additional 
component Vp due to the non- uniform hole density p . Direct integra-
tion of equation (2) shows V to be related to the hole density p p e 
at the emitter boundary by pe = ppexp(Vp/Vt)' since the hole density 
at the ohmic base contact is equal to p • Use of the charge neutrality p 
condition of equation (3) leads to 
n 
e 1 +-
pp 
(6) 
The total (external) base-emitter forward-bias voltage V is then 
v = v. + v (7) J p 
7 
It is convenient to normalize the above equations before pr oceeding 
to their solution . The normalizing parameters are: density pp ' 
distance w , and voltage vt . I n order that the familia r symbol s may 
no 
be retained, normalized quantities will be distinguished from t he 
originals by bold- face type, so that n = n/ p , x = x/ w , Y. = V/Vt' 
"" p "" no ·-
etc . In normalized form, equations (1) through (7) read 
dV dn J 
"" "" n-- d.x =- = J Ndx Jo "" 
"" 
dV d~ 
"" ~ +d.x=O 
""' 
J?, - n=l -n s::sl 
""P 
n 
""€ 
n 
""C 
1 + n 
""€ 
v 
=e""P 
v = v. + v 
""' ""'J ""'!> 
(8) 
(9) 
(10) 
(11) 
(12) 
(13) 
(14) 
In equation (8), 
eD p 
- n p Jo = ---w-
oo 
and J = -j , so that J represents conventional current density 
n 
8 
(15) 
flowing in the - x direction, and is the collector current density. 
The normalizing current density J0 represents the diffUsion current 
density which would be carried by an electron density falling linearly 
fr~ pp to zero over the length of the neutral base region. 
The first-order solution begins with the elimination of dy/~ 
and £ from equations (8) and (9) by use of (10). The result is the 
basic differential equation for the injected minority carr ier density 
n : ,.., 
l+2ndn 
..... ,.., 
l+ ndx=-:l (16) 
..... ..... 
The solution is 
2£ - ln(l + £) = :J::(l - ~) + 2£c - ln(l + £c) (17) 
which shows that £ is nearly linear in ~ but has a slight convexity 
towards higher values . The conventional collector boundary condition 
9 
is n ~ o, so (17) then gives the relation between the emitter boundary 
"""'C 
value n and J as 
"""€ "' 
~ = 2£e - ln(l + ~) 
From equations (11), (13), and (14) the relation between 
v 
"' n e = n (1 + n ) 
'""'P """€ """€ 
n 
"""€ 
and 
so that equations (18) and (19) contain the relation between ~ 
with n as the "emitter injection parameter". Since in these 
"""€ 
(18) 
v is 
(19) 
and V 
"' 
equations one quantity remains which is dependent upon the particular 
numerical values pertinent to the neutr al base region, namely Ep = nplpp' 
it is convenient to remove this quantity by one further stage of normal-
ization which includes it in the normalized voltage, thus : 
where 
u 
e"' = ~(1 + ~) 
U E V 
"' 
;- ln n 
'""'P 
(20) 
(21) 
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Equations (18) and (20) then contain in parametric form the collector 
current versus base- emitter voltage relation for a transistor of any 
base material with any conductivity. 
Tt1e emitter injection parameter cannot in general be eliminated 
from equations (18) and (20), but an explicit relation between ~ and 
~ can be obtained for two limiting cases . If n << 1, the emitter 
"""€ 
minority carrier density n 
e 
is much less than the equilibrium majority 
carrier density p , and the limiting result is p 
u 
e ( 22) 
This condition is defined as low-level injection at the emitter . If 
n >> 1, the limiting result is 
"""€ 
J = 2 e 
,.., 
This condition is defined as high-level injection at the emitter. 
( 23) 
Physical interpretation of these results is facilitated if it is 
known what fraction of the total collector current density J is 
carried by the diffusion component Jdiff. By definition 
dn dn 
,.., 
Jdiff = - eD - = -J -ndx Odx ,.., (24) 
Hence from equation (l6), 
For low-level injection, 
l + n 
l + 2n 
n << l 
-
(25) 
throughout the neutral base region, 
so the total current is carried essentially entirely by diffusion . 
Physically, the majority carrier density is everywhere essentially 
undisturbed, so VP is ver y small compared to Vj and the drift 
ll 
component of current is negligible . Hence equation (22) for the total 
current may be written directly from equations (20) and (24) as 
u 
-:l ~~iff = ~ e 
For high-level injection, ~ >> l throughout most of the neutral base, 
since the distribution of n with ~ is still approximately linear, 
so from equation (25) about half the total current is carried by 
diffusion. Physically, the majority and minority carrier densities 
tend to become equal, so that vp and v. 
J 
become equal, and half the 
total applied voltage goes to developing an electric field in the 
neutral base region, which in turn causes the minority carrier drift 
current to become equal to the diffusion current. Hence equation (23) 
for the total current may be written directly from equations (20) and 
( 24) as 
:! = 2 ~iff 2 n "'€ 2 e 
The low-level and high-level asymptotes given by equations (22) 
and (23) give straight lines when plotted on semi-log scales, and 
intersect at a value :! = 4 as shown in Fig. 2. Since the actual 
characteristic undergoes a gradual transition from one limiting case 
to the other in this neighborhood, it is convenient to say that 
:! << 1 corresponds to low-level injection, and :! >> 1 corresponds 
to high-level injection . 
2. 2. The conventional ~ versus J characteristic 
Since n is nearly linear in x at all injection levels, the 
12 
total injected electron charge Q (per unit area) may be approximated 
by 
1 
Q = ~(ne + nc)wn = (26) 
For the conventional collector boundary ~onditions, n = 0 and w 
""'C n 
and so the injected charge becomes 
Q = 
ep w p no 
2 Ee (27) 
w 
no' 
The transit time 
•t of injected electrons across the neutral base 
region may be defined as 
T - Q t =:r 
w 
no 
2 
= 2'1)" 2n 
n -e 
n 
-e 
- ln(l + n ) 
-e 
(28) 
(29) 
from equations (15), (18), and (27) . Equation (29) may be written 
where 
2 -
w 
ln(l + n ) 
-e 
2 
n 
-e 
(:P) 
_ no ( ) 
T to = 2'1)" 31 
n 
is the low- level transit t i me . For high- level injection the transit 
13 
time becomes asymptotic to Tt
0
/2 as the drift contribution becomes 
equal to the diffUsion contribution to the total current . With use of 
equation (18), TtcfTt may be plotted as a fUnction of normalized 
current density ~ as shown in Fig. 3. 
For the simple transistor model under discussion, the emitter 
efficiency and the collector multiplication factor are each unity since 
the emitter and collector conductivities are assumed very high and 
avalanche multiplication is neglected . Steady- state base current Jb 
(per unit junction a rea ) therefore a rises only from recombination of 
injected minority carriers in the base region . When recombination 
within the transition regions is neglected, an "effective lifetime" 
14 
~b of these minority carriers may be defined by an equation analogous 
to (25): 
T - Q b =:r-b 
( 32) 
It follows directly from equations (28) and (32) that the d- e current 
gain ~ may be expressed as the ratio of the effective lifetime of 
the injected carriers to their transit time through the neutral base: 
Since 
J 
~ =;r-
b 
as a function of the injection parameter n 
---e 
equation (30), it remains to find a relation between Tb 
(33) 
is known by 
and n in 
- e 
order to have an implicit expression for the current gain as a function 
of collector current . 
If surface recombination in the base region is neglected, in line 
with the one-dimensional model under consideration, volume recombination 
remains as the sole source of steady- state base current . If recombination 
15 
occurs solely through trapping levels in the semiconductor band gap, 
the lifetime ~ of minority carrier electrons at a point i n a charge-
neutr al semiconductor where the normalized electron density is 
given by a function of the form(ll) 
n is 
,.., 
l +An ,.., ( 34) ~ =. ~o l + n 
where f or vanishing injection the lifetime approaches the constant value 
T • The parameter A is r e lated to the properties of the trapping 
0 
levels . If recombination occurs solely through direct transitions from 
the conduction to the valence band, the lifetime is given by a form 
similar to ( 34) except that A = 0 . Either recombination mechanism may 
therefore be represented by the functional relationship of e quati on (34) . 
Since under injection conditions the electron density in the base 
of an n- p - n transistor is not constant, the lifetime varies acr oss the 
base . The t otal base current Jb (due to volume recombination) is the 
integral of the incr emental recombination current density e(n - n ) /~ p 
over the base region, and hence the effective lifetime ~b may be 
obtained from equation (32) as 
l 
OJ 
wno e (n -T n ) /:Jno 
_ _ ---:.P_ dx e ( n - n ) d.x 
p Tb 
In normalized form this becomes 
n )dx 
"'1> "' 
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( 35) 
Evaluation of equation (35) is considerably simplified if n is taken 
to be linear in ~' which has already been shown to be a good approxima-
tion. Further, n may be omitted for operating currents at which 
""P 
the base and collector saturation currents may be neglected. Under 
these conditions, equation (35) becomes 
l = j2c ~n dn j ("2c n dn 
~b ~"' "'/J ~ ~ 
~ ""€ 
For the conventional collector boundary value 
( 36) 
n = 0 , integration 
""'(! 
of equation (36) with the fUnctional relation (34) leads to 
( 37) 
For injection levels low enough that A£e << l, equation (37) reduces to 
(38) 
and for An >/ 1 ~o 
""€ 
so that varies from 
'o to AT 0 
17 
(39) 
as the injection level increases . 
With use of equation (18), •b/•
0 
may be plotted as a function of 
normalized current J as shown in Fig. 3 for the arbitrary value 
,.., 
A = 0 .1. I t may be noted that if A = 0 (recombination through direct 
transi t i ons only) , equation (38) is valid for all values of n 
""€ 
and so 
' b approache s zero instead of levelling off at a finite value as the 
i nj ecti on level increases . This case is also shown in Fig. 3. 
The curr ent gain ~ may now be obtained from equation (33) as 
'o 'to 'b ~=- --
'to 't 'o 
'to 'b ~o :r- :r 
t 0 
(4o) 
where ~0 = •ol•to is the low-injection limit of ~. ~bstitution 
f r om equations (30) and (37) gives ~ as a function of the emitter 
injection parameter 
ln(l + 
(41) 
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With use of equation (18), ~~~ may be plotted as a function of 
0 
normalized current ~ as shown in Fig. 3 for the values A = O.l and 
A = 0 . It is seen that in both cases the decrease in at high-
level injection more than offsets the increase in Tt' so ~ decreases 
monotonically. However, this may not occur if A were larger: in 
particular, if A = l, Tb/T0 = l at all currents and ~~~ becomes 0 
identical with TtcfTt. Also, if finite emitter efficiency were 
accounted for, the effect of decreasing Tb would not become apparent 
until higher current levels were reached and ~ could show an initial 
rise even for small values of 1 . 
It should be noted that the quantity ~ given by equation (41) 
is the d- e, not the incremental, current gain, but that the saturation 
currents have been neglected so that ~ does not go to infinity at 
zero base current. 
2. 3. Typical numerical values 
The foregoing results are in terms of normalized parameters 
applicable to any device that satisfies the assumptions in the basic 
model. It is of interest to consider typical numerical values to 
determine whether or not the parameter ranges displayed in the graphical 
results correspond to those in practical use. 
For i~ustration, we may consider a germanium n-p - n alloy- junction 
transistor with base resistivity 2 ohm-em, metallurgical base thickness 
0 . 9 mil, and circular junctions of diameter 12 mils . The emitter 
t r ansition region thickness will be negligible for normal forward biases, 
and we may suppose ti1at the collector reverse- bia.3 voltage leads to 
,,. 
to 0 . 3 mil, so tLat the neutral base thickness is w = 0 . 6 mil. no 
For 2 o.h.,:n- cm p-type gennanium at room temperature in which the hole 
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diffusion constant is D p = 44 Cffi
2jsec, the equilibrium carrier densities 
are p ~ 1 . 8 x 1015 cm- 3 
p and n ~ 3.4 X 1011 cm- 3. At room t empera-p 
ture, the normalizing voltage Vt may be taken as 0 . 025 v . 
The most important normalizing parameter is the current uensity J 0 , 
which is found from 
diffusion constant 
equation (15) to 
2 D = 93 em /sec. 
n 
be for an electron 
A junction diameter of 12 mils 
corresponds to an area - 4 2 A = 7. 3 x 10 em , so that J = l on t he ,... 
current scales of Figs . 2 and 3 corresponds to a total collector current 
AJ0 = 1 3 rna . Collector currents considerably higher than this , at least 
on a pulse basis, could be handled by the illustrative transis~or, and 
we may concl ude that high-level injection conditions could occur and 
that significant dr op in current gain f r om its l ow-current value could 
result. 
The normalized voltage axis in Fig. 2 may be converted to read 
actual voltage by use of equation (2l) . For the assumed typical figures, 
n ~ 1.9 
""'P 
- 4 X lC , so for Vt = 0 .025 v the conversion relation is 
v = 0 .0 25(1! + 8 .6) . Hence for Q = 0, corresponding approximately to 
AJ = AJ0 = 13 ma, the forwar d bias voltage is V ~ 0.22 v . If the typical 
transistor were silicon, instead of germanium, the only significant 
difference in the normalizing parameters would b e that Ep' being about 
six orders of magnitude smaller, would lead to V = 0 .025(2 + 23. 2) . 
Hence U = 0 corresponds to V ~ 0.58 v. ,.... 
3· The modified collector boundary conditions 
In this section the dependences of the collector minority carrier 
density and transition region thickness upon the current are established. 
The relations are in forms suitable for use as modified collector 
boundary conditions in the solution of the neutral base region . 
It is shown in a companion paper(3) that the minority carrier 
density at the edge of t he transition region of a reverse-biased p- n 
junction increases with injected minority carrier current density J. 
As related to the model shown in Fig. 1, this conclusion implies that 
the boundary value n 
c 
of the electron density is no longer zero . For 
structures in which the electron velocity in the collector transition 
region is everywhere less than the limiting drift velocity, n 
c 
increases linearly with J for n < p , and then more slowly as 
c p 
for nc > pp . The conditions nc << pp' nc >> pp respectively define 
low- level and high-level injection at the collector . The collector 
transition region is essentially depleted of mobile carriers at low-
level injection, and is of constant width for a given collector reverse 
bias . At high- level injection, the transition region becomes an 
accumulation region of mobile carriers, space- charge-limited minority 
curr ent is established and the thickness of the transition region 
decreases with increasing current . 
For structures in which the electron velocity in the collector 
transition region is everywhere equal to the limiting drift velocity 
vm' nc increases linearly with J at all injection levels according 
2l 
to 
(42) 
where 
(43) 
I n terms of the injected current, l ow- level and high- level injection 
at the collector therefore correspond respectively to J << J 2, J >> J 2 • 
The transi tion region thickness is again a depletion region of constant 
width at low- l evel injection, and becomes an accumulation region of 
decreasing width at high- level injection . The relation between the 
transition region width wt and its value wto at low- level injection 
i s given in terms of n 
c 
by 
(44) 
For most transistors, and in particular for alloy junction types, 
conditions are such that the minority carrier velocity is essentially 
equal to the limiting drift velocity throughout the collector transition 
region, and so the modified boundary conditions for this case only will 
22 
be considered . 
Since both the position of the collector boundary of the base 
regia~ and the value of the minority carrier density at that boundary, 
differ from the conventional results, it is clear that changes in the 
basic solution of the transistor p roperties will occur when the 
modified collector boundary conditions are taken into account . Three 
conditions of operation may be distinguished . In Condition I, 
n << p ' n << p . in Condition II, n >> pp, n << p ; and in e P c p' e c p 
Condition III, ne >> pp' n >> p • The carrier density distributions c p 
for these three conditions are indicated in Fig. 4, in which the 
density scales are again distorted to emphasize the salient features of 
the distributions . Conditions I and II correspond respectively to l ow-
level and to high- level injection at the emitter; in Condition III high-
level injection into the collector transition region occurs and the 
effective neutral base thickness w increases with current . 
n 
where 
In normalized form, equation (42) is 
n 
""'C 
D 
n 
v w 
m no 
(45) 
(46) 
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by equations (15) and (46) . The value e = 0 .01 is obtained for the 
typical germanium alloy- junction transistor discussed in section 2. 3, 
if the limiting drift velocity fer electrons is taken to be 
6 
v 6 X 10 em/sec . In any case, e is always much less than unity. 
m 
Equation (44) is more conveniently expressed in terms of the 
neutral base width wn rather t han in terms of wt' thus 
w w - w w - wt n t l + to = w w w 
no no no 
l + ¢(1 - l l (47) ~
"""'(! 
whe re 
(48) 
The value ¢ = 0 . 5 is obtained for the same typical transistor 
indicating that at zero current, and at a given collector reverse bias 
voltage, the collector depletion layer penetrates one- third of the base 
p - region . 
Equations (45) and (47) constitute the modified coll ector boundary 
conditi ons to be used in the solution of the neutr a l base region . 
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4. Solution with modified collector boundary conditions 
We now consider the modi fications in the basic characteristics of 
a transistor that are to be expected when modified collector boundary 
conditions are employed . 
4 .1. The modified J ver sus V characteristic 
The quantitative effects of the modified collector boundary 
conditions may be deterrtined by retracing the steps foll owed in section 
2 f or the conventional sol ution . The first change required is that 
since distance x through the neutral base region must now be normal-
ized to w J instead of to w so that x = x/w J the basic 
n ooJ - n 
differ ential equation for n is modified from the expression (16) to 
-
1+2ndn 
l+n dx= 
w 
J~ 
- w 
no 
where the function f1 (~) is defined by 
f r om equation (47) . The solution of equation (49) is 
(49) 
(50) 
(51) 
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and so ~ is again nearly line ar in x . With insertion of t he emitt er 
boundary value 
where 
at ~ = 0 , equation (51 ) leads to 
J = 
- 2 - ln(l+T)) 
T) 
(52) 
( 53) 
The functions f 1 (T)) and f 2(T)) are plotted in Fig . 5, where it is 
seen that both functions approach asymptotic values both for very small 
T) and for very l arge 1)1 with T) ~ 1 defining approximately the 
transition from one asymptotic value to the other . 
Since n = eJ by (45), equation (52) implies a unique relationshi p 
""(! ,... 
between the emitter injection parameter n 
""€ 
and the collector current 
J . Rearrangement of equation (52) gives 
so that with use of Fig. 5 n may be pl otted as a function of 
""€ 
(54) 
J . 
,... 
Since n 
""€ 
increases rapidly with ~' it is more convenient t o plot 
the quantity 
n 
"'€ 
F =J 
"" 
n 
= 8 --.e 
n 
"""C 
(55) 
26 
rather than £e as a fUnction of ~' since F approaches a limiting 
value at high injection and a more expanded scale may be used . The 
function F(J) is plotted in Fig . 6 for the typical parameter values 
8 = 0 . 01, ¢ = 0 . 5. It may be noted that the plot of F also represents 
the ratio n /n as a fUnction of J when multiplied by the scale 
"'€ """C 
factor l/8 . 
Three asymptotic forms of equation (54), and therefore of equation 
(55), may be distinguished, which correspond to the three injection 
conditions. 
Condition I: Ee <<...: l, ~ = e.z << l 
n 
- e 
F = J ~ l+B, 
,...., 
n 
"""C 
n 
"'€ 
Condition II : n >> 1, 
"'€ 
n = 8J << l 
"""C ,...., 
n 1+8 
"'e 
F :::: J ~2' 
"" 
Condition III : n >> l, n 
"'€ "'C 
n 1+26+¢ 
=~~ F 2 J 
= 
' 
n 
"""C 
n 
"'€ 
e.z >> l 
n 
...c 
n 
---e 
(56) 
(57) 
8 28 
'F~ 1+26+¢ (58) 
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These asymptotes are also shown in Fig. 6. It may be noted that F 
varies over only a small range of values , and that is always much 
less tha11 n • 
- e 
The relation between the normalized base- emitter voltage V and 
the emitter injection parameter n 
-e 
is unaffected by the modified 
collector boundary conditions, and r emains 
1! 
e = n (l + n ) 
-e -e (59) 
as in equation (20) . Equations (58) and (59) therefore define the 
transistor transfer characteristic including the modified collector 
boUJldary conditions . With use of Fig. 6, a numerical plot of J 
""' 
versus U can be obtained, as shown in Fig. 2 for the typical parameter 
""' 
values 8 = O.Ol, ¢ = 0.5. Only two asymptotic forms of equation (59) 
occur: 
Condition I: 
u 
e ~ n 
-e 
Conditions II and III: 
1! 2 
e ~ n 
e 
(6o) 
(6l) 
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The salient features of the complete transfer characteristic may 
be seen by combining the appropriate asymptotic forms of equations 
( 54) and ( 59) : 
Condition I, from equations (56) and (6o) : 
(62) 
Condition II, from equations ( 57) and (61) : 
( 63) 
Condition III, f rom equations (58) and (61): 
(64) 
I t is apparent that little departure from the conventional case occurs 
in Conditions I and II, since equations (62) and (63) are the same as 
equations (22) and (23) except for the factor (1+9) = 1 .01 which , as 
shown in Fig . 2, displaces the asymptotes by a negligible amount . On 
the other hand, equation (64) represents a significant departure from 
the corresponding result for the conventional case , equation (23), as 
shown in Fig . 2 for ¢ = 0 . 5. Cross-over between Conditions I and II 
29 
occurs a~ n = 1 or ~ ~ 1; cross- over between Conditions II and III 
""e ·-
occurs at n = 1 or ! ~ 1/e. 
""C ·-
we may conclude ~hat the modified collector boundary value has 
negligible effect on the collector current versus base-a~tter voltage 
transfer characteristic . However, ~he modified collector bounci.ary 
position can introduce a significan~ decrease in the collec~or current 
at a given base- emitter voltage when the current is high enough that 
high- level lnjection into the collector transition region takes place . 
4. 2. The modified ~ versus J characteristic 
The effects of the modified collector boundary conditions on the 
current gain ~ are somewhat more complex than are those on the 
transfer characteristic, and may be investigated by introducing appro-
priate corrections to the conventional treatment . 
From equations (15), (26) and (31) the total injected electron 
charge into the neut~al base region is given by 
Q = -r ... J0 ll+¢f1 (n )l (n + n ) ,_ o l:' ""C J "'€ ""(! 
From equations (28) and (65), the transit tiffie is tb-en given by 
= [l+¢f1 (n ) ](n ""C ~ -t- n ) ""C 
(65) 
(66) 
n f 2(n ) - n f 2(n ) """'€ """'€ ""C ""C 
[l+¢f1 (n )]
2 (n + n) 
""C """'€ ""C 
(67) 
by equation (52) . Equation (67) is a formal expression for the 
normalized t r ansit time in terms of the emitter and collector boundary 
values , but since n and n 
"""'€ ""C 
are both unique functions of ~ it is 
mor e convenient to modify equation (66) in order to plot TtofTt versus 
J. With use of n 
""'C 
8J and equation (55), equation (66) becomes 
..... 
l 
(68) 
With use of Figs . 5 and 6, equation (68) may be plotted as a function 
of ~ as shown in Fig. 7 for the typical values e = 0 .01, ¢ = 0 . 5. 
Asymptotic forms of equation (67) or (68) for the three injection 
conditions are easily obte.ined . 
Condition I : 
(69) 
Condition II: 
(70) 
Condition III: 
'to 2 
-, t- ""' -r( l:-+-r4B---:+¢:T"<)-r(-::-l +¢~) (71) 
The results for Conditions I and II indicate little deviati on from 
those for the conventional case, but in Condition III the transit time 
is l arger than in the conventional case by a factor approximately 
(1+¢) 2• Physically, we conclude that the modified collector boundary 
value again has litt le effect on the results but that the increased 
neutral base thickness at high- level injection into the collector 
t r ansi tion region leads to significant increase in the transit t i me . 
Since the transit time is proportional to the square of the relevant 
distance, the factor (l+¢) 2 in Condition III is to be expected . 
The expression for the effective lifetime due to volume recombi nation 
in the neutral base remains as in equation (36), where the same assumptions 
and approximati ons are made . Integration of equation (36) , with retention 
of the finite collector boundary value 
1- A. 
A. 
n , gives 
""(! 
(72) 
For injection levels low enough that A_£e << 1, equation (72)reduces 
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to 
( n~!!, 2n ....... ) + ;(1- A) ~ + ---= --_-__ (73) 
and for \n >> 1 to 
' ""e 
1- A 
+ --A 
(74) 
so that varies from -r 
0 
to A'T 
0 
as the injection level increases 
just as in the conventional case, and between these limits 
negligibly different from the r esult in the conventional case . 
Equation (72) is 1nore conveniently expressed as a function of J by use 
,.., 
of ~ = 8:[ and equation (55): 
1- A 2 ( 
- e 1 -AJ F + ,.., 
ln(l+AF:[) - ln(l+ASL) ~ 
AJ(F - e) ,... (75) 
The ratio -r
0
/-rb is plotted in Fig . 7 as a function of :[ by use of 
Fig. 6, again for the typical values 8 = 0 . 01, ¢ = 0 . 5 , and for 
the two values A = 0 , A = 0 . 1 . 
Finally, the current gain ~ may be found from 
33 
and can be eval:1ated t'rom the product of equations (68) and (75) . The 
normalized current gain pfp
0 
is plotted as a fUnction of ~ in 
Fig. 7 for the typical values 8 = O.Ol , ¢ = 0 . 5, and for A O. l 
and A = 0 . It is seen that there is little difference from the 
result shown in Fig . 3 for the conventional case, and that the 
most significant departure occurs at current l evels already so high 
that the current gain is much less than its low- injection value . 
We thus conclude that the d- e curr ent gain is negligibly affected 
by the modified collector boundary value, and that the comparatively 
small effects due to the modified collector boundary position are not 
evident until the current gain has fallen well below its low- injection 
value . 
5. Validity of the charge neutrality assumption 
I t has been shown by Matz( 2) that the conventional solution for the 
minority carrier distribution in the transistor base region, in which 
the collector boundary value is taken as zero, violates the initial 
assumption of charge neutrality under high-level injection conditions . 
It will be shown in this section that use of the modified collector 
boundary conditions removes this difficulty, and that the initial 
assumption of a substantially charge- neutral base region is indeed valid . 
The argument consists in showing that the curvature in potential 
p redicted on the assumption of charge neutrality implies, through 
Poisson ' s equation, an unneutralized charge density which is small 
compared to the majority carrier charge density at any point within 
the assumed charge-neutral base region and at any injection level . 
From equations (9) and (lO) , the electric field -dy/d~ is 
dV 
,.., 
l dn 
l + n dx l + 2n (77) 
from equation (l6). Differentiation with respect to ~ then gives 
d~ 
Poisson's equation is 
dn l + n 
= 2J2 ,.., 2 -
(l + 2n) dx 
,.., ,... 
en 
u 
€ 
,... (l + 2n) 3 
,.., 
(78) 
(79) 
where en is the effective unneutralized (positive ) charge density. 
u 
In normalized form, equation (79) is 
where the unneutralized char ge density is normalized to 
n = n /P , and 
""U u p 
(SO) 
p , so that p 
34 
(81) 
is the Debye length characteristic of p- type material sufficiently 
extrinsic that From equations (78) and (8o)J 
~ = - ~2 f2n~ )2 _l_+_ n----:::: 
(1 + 2n) 3 
,.., 
The original charge neutrality assumption is valid if 
(82) 
In I i s much 
u 
35 
less than the majority carrier density P J or if the r atio u = IBul/(1+~) 
is much less than unity. Hence the critical quantity is 
u 
~2 (_.Y~ 12 
(1 + 2£) 3\ wn } (83) 
Fa~ a given current} t he largest value u = u 
c 
occurs when n is 
,... 
sm~llestJ which is at the collector boundary of the neutral base region 
where n = n • 
,., ""(! For the conventional boundary conditions} 
w = w so that 
n no 
n = 0 and 
"'C 
(84) 
for the typical figures specified in section 2. 3. Hence for 
sufficiently l arge curr ents n 
c 
can approach and exceed unity, and the 
charge neutrality assumption breaks down. 
For the modified collector boundary conditions, 
w = w [l+¢f1 (eJ)], so that n no -
u 
c 
= 
e:r, and 
(85) 
The factor ~2/(1+26l)3 attains a maximum value of l/27e2 at ~ = 1/e, 
and hence since the factor [l+¢f1 (6l)] varies over only a small range , 
lJ. 
c 
is always less than a maximum value u 
em 
given by 
(86) 
where the second form is obtai ned f r om equation (46) . It may be noted 
that ucm is independent of the device geometry. For the typical 
figures specified in section 2. 3, 
1 
ucm = 27 = 0 .037 
37 
The unneutralized charge density therefore does not exceed 3·7% of the 
majori ty carrier density under any injection conditions, and the initial 
assumption of charge neutrality is thus justified when the modified 
collector boundary conditions are taken into account . I t may be seen 
from equation (85) that the assumption is even better at injection 
levels both higher and lower than that which corresponds to the 
worst- case condition n = 1 . 
""C 
6. Conclusions 
The basic solution for the minority carrier density distribution 
in the base region of an n- p - n alloy-junction transistor has been 
presented . The particular terminal properties derived are the 
collector current J versus base-emitter voltage V transfer 
characteristic, and the d- e current gain ~ versus collector current 
J . 
In the conventional solution, reviewed in section 2, a collector 
transition region, essentially completely depleted of mobile carriers, 
is assumed to extend a precise distance into an other~se charge-neutral 
base region. The transition region thickness, and hence the neutral 
base thickness w , is c function only of the collector reverse-bias 
n 
voltage; the minority carrier electron density n 
c 
at the base side of 
the transition region is related to the equilibrium density by a simple 
Boltzmann factor, which iS essentially zero for normal reverse biases . 
Zero density at a fixed di stance w 
n from the emitter junction 
constitute the conventional collector boundary conditions in the solution 
of the minority carrier distribution in the neutral base region . The 
first - order solution, With neglect of recombination, leads to the J 
versus V transfer characteristic . ?wo asymptotic forms are ob tained: 
for low- level injection at the emitter junction, J increases expo-
nentially With V; for high- level injection at the emitter; J increases 
exponentially with V/2. The base current Jb' and hence the current 
gain f3 , is calculated as second- order perturbation by integratJ.ng the 
recombination CQrrent required by the first- order minority carrier 
distribution in the neutral base . The assume d functional dependence of 
lifetime on runority carrier density allows for recombination both 
through traps and through direct transitions . It is found that at high-
level injection f3 falls considerably below its l ow injection valne . 
Two of the basic assumptions in the conventional solution are 
untenable . Zero minority carrier density would require infinite 
carrier velocity at any non- zero collector current, and the neutrality 
assumption in the "neutral" base region is violated at high- level 
injection . It is shown in a companion paper that reconsideration of 
conditions in the collector transition region leads to a value of n c 
that increases with current, and ~o a decrease in transition region 
thickness, together With carrier accumulation instead of depletion, at 
high-level injection into the collector transition region. The 
particular case where the carrier velocity in the transition region is 
saturated at the limiting drift velocity is summarized in section 3. 
The value of the minority carrier density n 
c 
and its distance w 
n 
from the emitter, both now functions of J, con@titute modified collector 
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boundary conditions . 
In the solution for t~e minority carrier distribution in the 
presence of the modified collector boundary conditions, discussed in 
detail in section 4, three regions of operation are distinguished. 
Condition I corresponds to low-level inje~tion at both emitter and 
collector; Condition II to high- level injection at the emitter, low- level 
at the collector; and Condition III to high- level injection at both 
emitter and collector . The transition from Condition I to Condition II 
corresponds to that between low- level and high-level injection in the 
conventional case, and the transition from Condition II to Condition III 
occurs at a current level about two orders of magnitude higher than ~hat 
corresponding to the first transition. It is shown that the modified 
collector boundary value has a negligible effect upon either the J 
versus V transfer characteristic or the ~ versus J characteristic, 
but that the modified boundary position can exert a significant effect 
in the Condition III region. Use of the modified collector boundary 
condi tions eliminates the violation of the charge-neutrality assumption, 
as shown in section 5, and t~erefore both major objections to the 
conventional solution are removed . 
It must be recognized that the model upon wh~ch both the conventional 
and the modified solutions are based is highly idealized. It is to be 
expected, therefore, that the comparatively small difference s between the 
characteristics predicted by the two solutions would be completely masked 
in p ract i cal devices by deviations due to many other effects not included 
in the analysis . This is particularly likely at high current levels . 
40 
The deviations produced by modified collector boundary conditions of 
the other limiting case discussed in section 3, in which the boundary 
value and its position are both more slowly varying functions of 
current, would clearly be of even less sign~ficance . It is, in fact, 
reassuring that essentially unobservable modifications to the conventional 
solution are predicted, since any significant discrepancies would surely 
have been detected long ago . 
It may be co~cluded, therefore, that the modified collector boundary 
conditions serve a useful purpose in that the two major objections to 
the conventional ass~ptions are satisfactorily removed, and that we 
may continue to use the conventional theory and results with confidence 
that they do: in fact, predict quite closely the performance to be 
expected -- at least within the limitations of the model . 
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Fig. 1. Model of an n-p-n alloy junction transistor. The base 
p-region is assumed to be uniformly doped. Carrier densities 
are indicated for forward- biased emitter, reverse-biased 
collector. Conventional collector boundary conditions are 
shown, for which nc ~ 0 and wto is independent of current . 
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Fig. 2. Normalized collector current l versus base-emitter voltage 
u transfer characteristic. For the conventional solution, 
two asymptotic forms are obtained; for the modified solution, 
three asymptotic forms are obtained, of which only that for 
condition III differs significantly from the conventional 
solution. 
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